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A HYBRID-STRESS FINITE ELEMENT APPROACH
FOR STRESS AND VIBRATION ANALYSIS
IN LINEAR ANISOTROPIC ELASTICITY

Abstract

A hybrid-stress finite element method is developed for accurate stress and
vibration analysis of problems in linear anisotropic elasticity.

A modified form of the Hellinger-Reissner principle is formulated for
dynamic analysis and an algorithm for the determination of the anisotropic elastic and
compliance constants from experimental data is developed. These schemes have been
implemented in a finite element program for static and dynamic analysis of linear
anisotropic two-dimensional elasticity problems.

Specific numerical examples are considered to verify the accuracy of the
hybrid-stress approach and compare it with that of the standard displacement method,
especially for highly anisotropic materials.

It is that the hybrid-stress approach gives significantly better results than
the displacement method. Preliminary work on extensions of this method to
three-dimensional elasticity is discussed, and the stress shape functions necessary for

this extension are included.
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INTRODUCTION

Objectives

Stress-hybrid finite elements are developed for the study of equilibrium
and vibration problems in two- and three-dimensional linear anisotropic elasticity.

It has been observed that standard displacement-type finite element
methods may produce very poor approximations of stresses, displacements, natural
frequencies and mode shapes for strongly anisotropic elastic bodies, such as
structures composed of single metallic crystals. The possibility of resolving these
deficiencies by using elements based on assumed stresses is explored in this study.

Further motivation of this work is a result of problems faced in the
analysis of single crystal turbine blades subjected to very large centrifugal and fluid
forces as in the fuel pump for the space shuttle main engine, where the high degree of
anisotropy in the crystal leads to very poor results using standard displacement-type
finite elements.

The static problem is solved using a form of the Hellinger-Reissner
energy functional where the displacements and stresses may be independently
interpolated. To accommodate anisotropic materials, an algorithm for computing the
elasticity and compliance constants from experimental data is developed. For the
analysis of vibration problems, a special Hellinger-Reissner-type variational
principle, valid for dynamic problems in linear elasticity, is also developed. The
eigen pairs are extracted using a standard subroutine package.

Some numerical examples in two-dimensional linear elasticity are chosen
to verify the accuracy of the assumed-stress approach and compare the results
obtained therein with those obtained using the standard displacement-type finite
element method. Specifically, end loaded cantilever beams are chosen to simulate in a
crude way turbine blades without unnecessary complexity in geometry or loading.

Various degrees of anisotropy are assumed for the materials and the results obtained



are compared with analytic solutions whenever the latter are available.

It is observed that there is a significant difference in the results obtained
using conventional and assumed-stress finite elements, especially as the degree of
anisotropy increases and the orientation of the local axes changes with respect to the
global axes. The hybrid-stress elements behave very consistently and give good
approximations of the stresses, natural frequencies and mode shapes, independent of
the degree of anisotropy and element orientation while displacement elements are
found to be sensitive to changes in material properties and element orientation.

Historical Comments

The mathematical, and practical aspects of assumed-displacement finite
elements have been the subject of extensive research for many years. As a result of
the sound theoretical fundamentals, the existence of a good mathematical basis and
the ease of element formulation has resulted in the widespread use of such
formulations. Indeed, most general-purpose computer programs employ the classical
displacement approach.

However, the displacement finite element model has some shortcomings
which are evident in constrained media problems such as those involving
incompressible materials and plate elements requiring only co continuity
interpolations (instead of the more difficult C! continuity interpolations that are based
on thin plate theories). In these cases, "element locking™ may occur as a result of very
stiff solutions that arise as the constraint condition is approached. Reduced integration
or selective-reduced integration can alleviate the problem partially, but an undesirable
consequence may be the appearance of unwanted spurious energy modes.

An alternative approach is to use the hybrid-stress model initiated by Pian
[1], who independently interpolated intra-element stresses and compatible boundary
displacements, using a variational principle akin to the principle of minimum



complementary energy.

The ability to interpolate the stresses independently led to the solution of
problems in fracture mechanics [2], thick, laminated composite materials [3], and
constrained media (nearly incompressible materials) [4]. However, the versatility of
independently interpolating stresses also leads to serious numerical difficulties.

A minimum number of stress parameters is required to ensure correct
stiffness rank and care has to be taken to make sure that the stiffness is invariant
under simple transformations of the coordinates, and to prevent the entry of spurious
energy modes into the element stiffness. Work on a systematic approach to the
selection of these stress parameters has been done by Spilker, Maskeri and Kania [5]
(for complete stress polynomials) and recently by Rubinstein, Punch and Atluri [6]
and Punch and Atluri [7,8] using group theoretical methods to minimize the number
of stress parameters and still satisfy rank and invariance conditions, for both two- and
three-dimensional isoparametric elements.

In addition, Pian and Chen [12] as well as Pian, Chen and Kang [10]
have proposed new formulations for the hybrid-stress method, where the
Hellinger-Reissner principle is used to generate elements in which equilibrium is not
satisfied a-priori. Stress equilibrium is introduced in these methods by means of
Lagrange multipliers. Another formulation, following the Hu-Washizu principle, is
also suggested in [19].

Outline

Following a brief discussion of some variational principles, the variational
formulation for dynamic problems in linear anisotropic elasticity, based on a
Hellinger-Reissner-type principle, is developed.

Our third section, entitled "The Discrete Problem: Hybrid Stress
Formulation", deals with the finite element discretization of the continuum problem,
and the calculation of the element stiffness and mass matrices. A separate section is



devoted to the development of an algorithm for determining the elastic and compliance
constants from experimental data in the form of Young's moduli and Poisson's ratios
in different directions.

In a further section, some numerical examples are presented and the
hybrid-stress results are compared with those obtained using the displacement model.
Problems involving materials with varying degrees of anisotropy are also considered
to compare the two models.

Conclusions and suggestions for further work, especially in three

dimensions, are discussed in our final section.



THE CONTINUUM PROBLEM: VARIATIONAL FORMULATION

Introduction

In this section, following a brief description of some general variational
principles, a modified form of the Hellinger-Reissner principle valid for dynamic
problems in linear elasticity is developed.

The classical stress-hybrid models for finite element analysis [1] are
derived from the principle of minimum complementary energy for which the
functional to be varied is given by

ne =fv 2’- o' Sodv -fsuTTnds @.1)
where © is the stress tensor (here a vector of stress components) which satisfies the
equilibrium equation DT o +f=0, f are the body forces, § is the compliance
matrix, u are the prescribed displacements on the boundary S, and T is the
surface traction vector, where DT is the matrix divergence operator.

Alternatively, the equilibrium conditions may be regarded as a constraint
and a term of the form AT (DT o + f) can be introduced into the functional with the
Lagrangian multipliers A being identified with the displacement field. Then,

ne=] s o6TSodv+[ ATMTo+nav-J TTEds (2.2)
v 2 Vv Su

Integrating the second term by parts, we get

mr=] ;oTSodv-[cTOwav-[ 1T @-mds 2.3)
v v u



where D is the differential operator associated with the strain -displacement relations
(S o =& =D u). The functional is in fact the one from which the Hellinger-Reissner
principle is developed.

Pian and Chen [12] have recently proposed that the Hu-Washizu principle
may also be used in the derivation of hybrid-stress elements. The functional to be
varied is

My = jv[ - € Ce-ole+o™@wldv- [TTw-Mds @4

where € is the strain tensor, and C = §°! is the elasticity matrix. Here, the
constitutive relation for linear elasticity and equilibrium are not pre-supposed but fall
out as the Euler-Lagrange equations for the functional Ty .

The last two variational formulations, though involving more computation
time, have an advantage over the classical formulation in that equilibrium is not
necessarily satisfied throughout the domain but only at selected points (integration
points) in a weighted sense. This leads to a stiffness matrix that is less sensitive to

coordinate transformation.

Variational Formulation for the Dynamic Problem
The variational principle that is developed is a modified form of the
Hellinger-Reissner functional and is given by

TMHR = L:’jv-;cTs o dvdt - [‘:2 jvoTDu dvdt + j:f js:T? ds dt

T
2] SpbTadvar @.5)
11 \Y 2



for a time interval [t,,7,], where T is the prescribed traction vector on the surface
Sg» p is the mass density of the material, and u is the velocity vector. The last term
represents the kinetic energy of the body.
Since we are primarily interested here in the eigenvalue problem, which
is a quasi steady-state problem, the integration with time is of little consequence.
Upon taking the first variation of the functional with respectto ¢ and u,
we get

A f:[ _[vSo 0T dv - _[VDu doT dv - chT D(8u) dv

+ [ @WTT ds-[ psudTdv]ad (2.6)
Sg \V

Equating the first variation to zero, we obtain the following equations:

So=Du onV
c'n=T on S,
DTG-pﬁT=O onV 2.7)

These are recognized as the constitutive relations for the elastic material, the traction
boundary conditions, and the linear momentum equation, without body forces,
respectively. :
For the static case, the kinetic energy term drops out and the functional
reduces to

[ a7 [ aT . TT
nsl_—J'V 20’ Sodv JVG Du dv IS: T ds (2.8)



where it is understood that u = i1 on S, »which is similar in form to the functional



THE DISCRETE PROBLEM:
HYBRID STRESS FORMULATION

Introduction

In this section, we discuss the discrete hybrid-stress approximation to the
continuous problem defined in the previous section. A detailed account of the
calculations of the stiffness and mass matrix are given, along with derivations of the
stress shape functions for both two- and three-dimensional finite elements.

Following this, an extended discussion of the algorithm for the
determination of the elasticity and compliance constants from experimental data is
presented.

The section ends with a note on the algorithm used to write a general
finite element program using either displacement or hybrid-stress elements to solve
static and dynamic problems in two-dimensional linear elasticity.

Discrete Formulation
The functional to be minimized in the continuum problem is given by

TMER = I 15 61So dv - jvoT (Du) dv + JSuT T ds - j 12— puTu dv

Vv G A%

(3.1)

If the continuum is discretized into n elements then the discrete form of
the continuous functional is given by

n
TR = 2 | fn 12 oTScdv-| oT(Du)dv
i=1

m Qm

-j % p 6T|; dv + 'fan uT.'l.: ds (3.2)

Q
m Sm

where Q_  represents the volume of the elements, and dQ; represents the
m
boundary over which the surface traction is prescribed.



As shown in the previous section, the above functional (for the static
case) reduces to the conventional assumed-stress model when the stresses are forced
to satisfy equilibrium (in the absence of body forces). This was noted by Pian [1]
who also demonstrated its equivalence to the Hellinger-Reissner functional with the
stresses satisfying equilibrium.

Thus, the stresses in each element ., are interpolated in terms of stress
parameters, 8 , in the form

where P = P(x,y,z) contains polynomial terms such that the homogeneous

equilibrium equations
DTo=DT(PB)=0 (3.4)
are satisfied exactly and identically throughout the domain ..

The displacement field u is interpolated using the standard shape
functions that are used in isoparametric elements. Hence,

u=NE, 1 0q (3.5)
(3.5) where N(§,n,{) contains the element shape functions in terms of the local

coordinates , , and q is the vector of the element nodal displacements, such that
the global coordinates are expressed in terms of the master element coordinates as

x=12Ni(§,n,§)xi
y=l2Nj(§an’C)yj

z= ; N; €. 1,0z (3.6)

where N; are the appropriate shape functions and (x;, y;, z;) are the coordinates of
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the ith node, the summation being over all the nodes in an element.
Then, the strain-displacement relation gives rise to

1

e=Du=D (NEnL) q=BEnL)q= 71 B*(En.0q (3.7

where B(E,n,0) = DIN(,n,{)) and UJI is the Jacobian of the transformation from
local to global coordinates.

Substituting equations (3.5), (3.3) and (3.7) into equation (3.1), and after
noting that dv = 1J1 d€ dn d{ and defining the following matrices :

1.1.1
H=[ [ [ PTSPWIdEdn d (3.8)
0°0°0
1
G = fjj PTB* dt dn dC (3.9)
0°0°0
Q-= _[SNTTds (3.10)
and
M = Ilj j NT Np U1 d& dn dg (3.11)
0
We obtain
n [
TMHR.= &, 15l3THB BTGg+q"Q -~ TMq} (3.12)

Calculation of Element Stiffness and Mass Matrices
As the stresses are independent from element to element, the vector of
stress parameters B may be eliminated at the element level by taking the first

11



variation of the functional in (3.12) and equating it to zero, thus solving for B in that
element. Taking the first variation with respectto B, we get

SnMHRB= él{n B5BT- GqoBT)=0 (3.13)

Since the B's in every element are arbitrary,
(HB - Gg)8p"=0

and B=H1Gq. (3.14)

Substituting back into equation (3.12), we get

1 1o .
“mm=21{2-qTGTH"H H!Gq-q'G™H'Gq+q'Q -;q"Mq) (3.15)
i=
n [ ]
=% (- q"GTH Gg+q7Q -~ " Mq ) (3.16)
i=1

Equating the first variation of the above functional to zero, we obtain

(-GTH!1Gq+Q - M4)8qT=0 (3.17)

Thus MG+Kq=Q (3.18)
so that

K=GTH!G (3.19)

is the element stiffness matrix, and M as defined in (3.11) is the element mass

matrix.

12




Displacement and Stress Shape Functions

The displacement functions are the same as those in the
assumed-displacement model. For two-dimensional elements, two kinds of elements
are chosen: the four-noded bilinear quadrilateral elements and the eight-noded
quadratic quadrilateral elements (serendipity elements). These are shown in Figure 1.

Since the stresses inside each element are interpolated independently of
the displacement, a multitude of choices exists for the stress polynomials that
constitute the P matrix. A number of factors govemn the choice of these polynomials,
however.

In the assumed displacement model, the stiffness matrix is automatically
free from zero-energy or kinematic deformation (rigid body) modes, and is invariant
with respect to simple transformations of the reference/natural coordinates.

In addition to the advantages of a hybrid-stress model, viz., accurate
stress evaluation and a stiffness matrix that is not overly rigid , it is important that the
inherent properties of the assumed displacement model, namely, invariance with
respect to coordinate transformations and freedom from rigid body modes of the
stiffness matrix are preserved when the stress polynomials are chosen, for the
hybrid-stress model to have any real use in finite element analysis.

To avoid the presence of kinematic deformation modes, it is necessary
that the stiffness matrix satisfy the following condition that determines its minimum
rank (Pian [1], and Atluri and Punch [7]).

If the number of stress parameters per element is s, the matrix H defined
in equation (3.8) will be positive-definite and of rank s (as the energy density
functional is always positive-definite). The rank of the stiffness matrix is then
determined by that of the G matrix as defined in equation (3.9).

The order of the G matrix is s x d where d is the number of generalized
degrees of freedom per element. If there are r rigid body modes per element, then at
best the rank of the G matrix is given by min(s, d-r), and as a consequence the rank
of the stiffness matrix is given by min(s, d-r).

Since any stiffness matrix should include all the rigid body modes of the
element, the rank of K in equation (3.19) should be d-r.

13






For a linear quadrilateral element, the minimum number of stress
parameters is

s=dr=2x4-3=5,

After satisfying equilibrium, the 9 P field reduces to a seven parameter
linear stress approximation given by

c§=B1+ﬁ2n+36§
on=[33+B4§+B7n (3.23)

°§n=ﬁ5+B7§+B6n

where £ and 1 are the local coordinates as shown in Fig.1.
For a quadratic quadrilateral element with 8 nodes, the minimum number
of stress parameters is

s=dr=2x8-3=13.

Choosing a complete cubic stress approximation with 30 B's, upon enforcing
equilibrium we get the following 18 parameter stress field :

O = By + Beb + Byn + Bgn? + 2Bokn + Byl + B;58°
+ 3B14§2n + 3515§"12 + B17T]3

O =By +BsE + Bn + 2B En+ B12&% + Bygn? + 3B;3En?
+ 314"13 + 3316E..7'n + BIS&

15 PRECEDING PAGE BLANK NOT FILMED



On = Bs+Bs&—Bgn - 51152 - [39“2 - 2Bjokn - 3[3135771
- 3514§ﬂ2 - 515113 - Bl6§3 (3.24)

To reduce the number of parameters still further, we impose the
Beltrami-Michell compatibility conditions for isotropic materials or the stress field.
For the more general case of plane strain, in addition to equilibrium, this requires that
(Sokolnikoff [11])

V2 (og +0q) =0 (3.25)
when there are no body forces.

Substituting (3.24) into (3.25), eliminating any redundant B's and
renumbering, we geta 15 P stress field given by

O = B+ B +B+ Bsnz +2BoEN + ByE% + By 82 + B13(3§2‘1‘2Tl3)
+ 3[3145712 - [315&3

O = B3 + Bg& + Bn + 2B &0 — Bg&? + Byp(n? ~ 282) + B,,(3En2 - 283)
+ B]3T\3 + 3B15§7‘n - B14§3

Opq = Bs = Bs& — Ben — B &2 — Bgn? — 2B1o&n — 3B;,8%n
- 3B;3EnZ - Byyn3 - By 583 (3.26)

However, as mentioned earlier, the Beltrami-Michell equations in the
form (3.25) are valid only for isotropic materials. For the general case of anisotropy,
the compatibility conditions as expressed in terms of the strain are given by

VxVxE=0 (3.27)

16



For plane strain problems, this reduces to

928 928y 02Yxy
+ =
ay2 ox2 oxdy

(3.28)

where g,, €, are the components of the strain in the x andy directions and vy, is
the shear strain.

For the most general case of plane anisotropy, there are six independent
constants of elasticity, and the constitutive relation is given by:

Ex = allox + 3120'y + a160’xy
8y =ay0x + a'22°y + 326ny

Yxy = 361Cx + 3620y * 3660y (3.29)

where o,, Oy and Oxy are the stress components in the plane and

1
MTE
XX
-V -V
= YX_ XY _
alz—Exx = Eyy 2y
Mxy,x nx,xy
6= E., Gry =g
_ 1
= Eyy
Mxyy _ Myxy
= = agy
26 Eyy Gyy &

17



1
657G, (3.30)
given

E,, = Young's modulus in the x-direction

Eyy = Young's modulus in the y-direction

Vyx = Poisson's ration when the tensile load is along the y-direction

Vay = Poisson's ration when the tensile load is along the x-direction

Mxy.x and Nyyy = coefficients of mutual influence of the first kind that

characterize stretching due to shear stresses
My xy and Ny xy= coefficients of mutual influence of the second kind that

characterize shear stresses due to normal loads.

The matrix of elastic constants is symmetric because of the existence of an
elastic potential which necessitates that the energy be an invariant.

Substituting equation (3.24) i.e. the self-equilibrated stress field into
(3.29) and thence into (3.28), we get the following stress field for a completely
anisotropic material (in two-dimensional elasticity)

2a,¢
O = By + Bt +Bom+ Bg'ﬂz,"‘ 2ByEn + ﬁloéz + ﬁ12(§2 + a n3)
22, + agg 224 azy
+B3(3EM - ——— 1) + B4(3En2+ %) - == Bysn°
a an a5

aggt 2a

ah . ., 2 12,5 2%,
Op = B3 + B4 + BN — —— Bgl% + B;o(N° ~ —— &)+ B;2En+— &9)
n a2 a2 a9

2a); + agq 22,6 a)
+B,3En2 - BN+ B3+ — &) —— B,E]
axn ax a3

18



2ay5
+ ﬁ15(3§211+ 2

&%)

On = |35 = [375, - Bgn - Bugz - Bg"’\z - 2[310&"1 - 3B]2§2"l
- 3513§ﬂ2 - 314713 - [315§3 (3.31)

For the 8-noded serendipity element, Punch and Atluri [7,8] have used
group theoretical methods to minimize the number of parameters in the stress field to
an optimum 13, by using arguments of symmetry to remove unwanted terms from the
cubic polynomial without affecting the rank and invariance properties of the stiffness.

This stress field with 13 B's is given by

o =By + B3+ Bg& + Byon + BoE2 + Byn? — 2BgEN + 2B7EN + ByoEn + 3By3E%n
On = B;—B3+ B11€ + Bon - B4§2 + [32712 - 2BgEn - 2B4&n + 513713 + 3B12§n2

Ogn = Bs — Bo& — Pgn + Bs(E2 +n2) + By (E2—M?) - 2B,&n - 3B 8™ - 3B;3En°
(3.32)

Comparing this field with that obtained using compatibility, we see that
although the stresses are complete in quadratic terms, they are all incomplete cubics.

For three-dimensional elements, viz., 8-noded and 20-noded bricks, the
algebra involved in reducing the number of stress parameters is very tedious.
Moreover, as shown, the compatibility conditions would change for different material
nodes (anisotropy). Rubinstein, Punch and Atluri [6] have arrived at stress fields
with just enough P's to ensure sufficiency for rank for the stiffness matrix.
For 8-noded bricks, shown in Fig. 2 (a)

smm=d—r=3x8—6=18

19



The stress approximation using a self-equilibrated field is given by:

O =By + By + Bst + Bygné

On = By +B4+2Bgn - B,,8E - Bs

Or = By =By +2BgL+ B1EN

Otn = BC+BsC — Bm- Bgt + Bio+ Bian + B4k

O = Bon + Ben - B, - Bot + By - B3+ 315§

Ont = Bal — BsE — Bs& — Bgl — Bon + Byp = B4l — Bysn (3.33)

For 20-node bricks, shown in Fig. 2 (b)
Smin = d-T=20x3 -8 =54

Following Rubinstein, Atluri and Punch [6], the stress field that satisfies the
equilibrium conditions is given by

Opt = B+ B3+ B+ Bol + 2B;08 + Bign + Bzzgs +Bz3(1'12 + C2) + 324(—712 -6?)
+2By5(M2 + £2) — BogM? + £2) + 2By (N2 - {B) + Bog ((2 - 12)
+ Byoln + 2B40EC - 65455@1 + B4GTIC2 + B48C712

Onn = By— B3+ Bs+ BgE + Bol + 2B+ Byqk — B1gl + Byom? + By (L2 +£2)
= B2a(€2 = £2) = Bys(E2+ L) + 2By (82 + {2) + By (E2 - ED)
= 2Byg&Nn + 2B nE + B4r&L + 6B44ENE + 6[345§n§ + B47§C2 + ﬁ43§§2

Ogt = Bi— By +Bym + Bl + 2,58 — Bygn - By + B22C2 +By3(E2 +12)
+ Bpa(m? - &) = Bps(€? +n?) - Pg(§2 + 1) + By (2 - £2)
+ Bog m?- §2) - 2B48C - 2B5 N8 + Byibn - 6B44ENC + B46§7'n
+ 5475..712

20



Otq = BoC + BsE = BioN = Byj€ + Bys + ByoN + Byl — Byrbn + Bzg(ﬁz"ﬂz)
+ 2B3,E0 — 2B33nE + 534(52“712) +2B358C + 2BynE + B4o€2
— B4al(282 + n2) + B4sL(n2-E2) + Bso(3 - 3nL2) + Bs; (§3-3EL2)
= Bs3(n? +3nL2) + BE® 43807

Ogr = Bon + Bgn = Bol = By2€ + Byg — Byol +B, & — ByoEL +B3o(§2 %)
- 2B3kn + B33(C2 -£29)+ 2B34nC + 2B35EN -~ B36(§2 +{2)+ 2B59n¢
+ Bygn® + Baan(282+ £2) +B4sn(E2 + 2 £2) + Byo & ~ 3&n?)
+ Bsp(£3 = 3n20) - Bsp(& +3n28) + Bss(L3 +3n2)

Oqr = Bst — BsE — Bk —By,& - Byan + Bys — Bagl — By — By
+ B3;(2 = §2) + B3(M2 = 2) + 2By3&n — 2B3,4EL - Bas(n? + £2)
+2P36EN + 2B3,EC + B4gl2 +B448(M2~L2) - B4s&M2 +242)
+ Bao(n® = 3821) Bs (53 ~ 3E20) + Bsp(n3 + 382n) — Bay(C3 + 3820
(3.34)

Elastic Constants from Experimental Data

For an isotropic medium, the measurement of the elastic constants is a
straightforward process. The measurements can be made along the specimen axes
without regard to the crystal structure of the material, as the properties are the same in
all directions. By contrast, there could be as many as 21 independent constants of
elasticity in a fully anisotropic material instead of just 2 as in an isotropic material.
Measurement of the elastic (Young's) moduli and shear moduli is a standard process, _
but direct measurement of the off-diagonal terms such as the coefficients of mutual
influence, the coefficients of Chentsov and Poisson's ratio is difficult, to say the
least. Thus, to determine these coefficients it is necessary to take advantage of their

21



interrelationship under rotation.

If the measurements of the material properties are taken along an
orthogonal coordinate system which is rotated with respect to the primary material
axes, the compliance (or elastic) matrix with respect to the rotated coordinate system
will be a transformation of the matrix with respect to the original coordinate system
dependent solely on the direction cosines of the rotation of the coordinate system
from the primary material axes to the global coordinate axes.

In the realm of linear isothermal elasticity, there are a maximum of 21
independent constants. Hence, any quantity that is measured in the rotated (global)
frame of reference is a function of all 21 components of the compliance matrix in the
unrotated frame. For a unique determination of the coefficients of the unrotated
compliance matrix, 21 independent equations in 21 unknowns are required. These
could be obtained by the measurement of the same quantity in 21 independent
directions or by measuring more than one quantity in many independent directions so
that there are at least 21 independent equations. Thus, a least square fit can be carried
out on the data to determine the best approximation to the elastic constants in the
compliance matrix.

Using indicial notation in a Cartesian coordinate system, the position of
the rotated coordinate axis with respect to the unrotated axis is given by the direction
cosine matrix as shown in Table 3.1.

Table 3.1 Direction Cosines

\ X y z

X' A M2 A3
y' A Ao A3
z' A3 A3p As3

Letting x', y', z' refer to the rotated and x, y, z refer to the unrotated axes, then )'ij
denotes the direction cosine of the angle between the x; axis and the x; axis.
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Then, the stresses in the rotated frame of reference are given by:

, 2 2 2

O1y' = Oy + Opphpy + O33 Mgz + 2T15A  Ayp + 2013 AR5 + 2753 Aok
. 2 2 )2

Gyy' = O11hg + Opolgs + G33 Aoz + 2T19hg 1 Mgy + 211305 A03 + 27930 50h 03
TP W 2.+ Gaa A " Y -y

G33' = O11A3 + Opohay + O33 Az + 2T9h3 A3y + 2T13h31A33 + 2Tx3A35A33

T12' = 611411201 + Ok ohgn + O33R 303 + T p(AyAgg + Ay )
+Ty3(A 11203 + A phy3) + To3 (A1Ag3+Ag0R3)

T)3' = O11h 1 A3 + Opohyohsp + O33R 3ha3 + Tp(Ay hyp + Agih o)
+Ty3(A 1003 + Agih3) + o3 (MoAo3+As 1A 3)

Ty3' = 011291231 + Opphyphay + O33hs3A33 + T19(Rp1Asp + Az 2y))
+T33(A11A33 + A31093) + Tp3 (AgpAs3+Asnhss)

Similarly, the stresses in the unrotated frame may be expressed in terms

of the stresses in the rotated frame as
P S I M 202 Aoy + 2Ton Ar 1A
O11 =01 1A ;1 + Ogphgy + O33 Agy + 2T oA 1Ay + 2733 A1 A51 + 2734 (A5
—'12+'2+'x2+2'x +2'll+21' A
Op9 = Gy A1y + Ogphag + O33 Agp + 2T19A 15hgn + 2T13h 9A3p + 2T53R )R,

t 2 ' 2 ' 2 ' ! !
O33 = 01 A3+ Ohg3 + O33 Mgz + 21190 3093 + 2713 3033 + 2Tp3h3hsy

Tip = G111 M1 + 022k An + O33A3 R 55 + Tyo(Ayyhgg + AggAp))

+Ty3(h 1Az + A3phpp) + Tp3 (AygAsp+As hy))
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T13 = Op1A 1A 13 + Ophn hg3 + O33hs A3 + T5 (A A3 + Ag1Ay3)
+T13(A 11 A3 + AggAg3) + T3 (A Az3+As Agg)
Ty3 = 011 AR 3 + Opahohgs + O33hanhas + T5(h pho3 + Agghy3)

+T)3(A1pha3 + Agphy3) + Tyg (Agphaz+Aaphss) (3.36)

Now, in linear elasticity there exists an elastic potential which is a
quadratic form in the stress components given by

V=2 83 i Ol = 2 2jjk1 Gij Okl (3.37)
where, as in tensor notation, all the indices range from 1 to 3.

Instead of expressing the stresses as second order tensors and the
elasticity constants as a fourth order tensor, we consider the stresses as vectors of
order 6x1 and the elasticity matrix as a matraix of size 6x6. Then,

V=125 2;0;0=12F T 26/ 0] (j=1,.6) (3.38)

Substituting the expressions for the stresses in the unrotated frame of
reference from equation (3.37) into (3.38) we can get equations for each of the
compliance constants in the rotated frame, i.e. a';, in terms of the compliance
constants in the unrotated frame, i.e. a;;, and the direction cosine of the rotation.

Then,

a'ij = ;n%: amn %im Gjn (mn=1,..,6) (3.39)
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where q;, » q;p are the components of the transformation matrix given by

e

2 2 2
M1 Ay Ay 2h 1120 2h1123, 2hp1A3y
22 2 2
12 A Ay 2h19A5 2h19M3; 2h3 A3y
2 2 2
Mz A3 A 2h13723 2A 1333 2hp3)33

AMiria ARy Agdgy AqphootAgidgs AgjAgatAaihas AgiAaathagdg,

Ahis AR Agdgy AjpRosthgdys ApghgatAagdys Ag haatAsgAgs

Mahiz Agohas Azodiy Apphosthoodys Apphaathanhis AgohaatAagdag
- (3.40)

Hence, when the compliance constants in the unrotated frame of reference
are known, it is possible to calculate the compliance constants in any other orthogonal
coordinate system, given the appropriate direction cosines.

In general, the material is defined in the coordinate system of maximum
symmetry using a bare minimum number of required parameters. However, arbitrary
rotations can cause the generation of off-diagonal terms in the compliance matrix even
if they were absent in the compliance matrix as defined in the primary coordinate
system. It is thus necessary that the analysis always have the ability to deal with a
fully anisotropic compliance matrix.

The experimental data given was in the form of Young's moduli and the
shear moduli, measured in several independent directions. As the rotation angles are
known for a given measurement, the direction cosines can be calculated and the set of
equations given by (3.39) becomes linear in the coefficients of the unrotated
compliance matrix. Since more than the minimum number of measurements is made,
a least squares approximation to the compliance matrix can be made.
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For the problem at hand, viz., the turbine blade of the fuel pump in the
Space Shuttle Main Engine, the material is a PWA nickel alloy, each blade consisting
of 2 or 3 crystals. These crystals exhibit cubic syngony and have only three
independent constants, the Young's modulus (E), and the shear modulus (G) which
are the same in all three primary directions and Poisson's ratio (v) which is
independent of the other two constants. The compliance matrix along the material's

primary axes is

-

a;; a3y 0
4 ay
ap a5 3y 0

0 O 0 ay

0 0 0 0 ay

0 0 0 0 0 a
44_1

=

N

o
© o o ©
© © o o ©

where a;; =1/E ; ajp=- VE ; a4, =1/G ;but when measured in arbitrary
directions, the cross-coupling terms no longer remain zero. Given a sufficient number
of equations, it is then possible to calculate a;,, a;, and a,, using a standard least
squares technique.

Program Description and Algorithm

A simple finite element code is developed to compare the performance of
the hybrid-stress model with that of the standard displacement model. The algorithm
detailing the flow in the program is depicted in Fig. 3.

The program consists of four main sections:

i) the pre-processor which reads in the data that define the finite element
mesh and the material properties as well as the boundary conditions. The
pre-processor also sets up the element integration point co-ordinates, the appropriate
weights and the coefficients of the compliance matrix in the global co-ordinate
system.
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ii) the processor which calculates the individual element stiffness matrices
as in equation (3.19) and assembles them to form a global stiffness matrix. It also
calculates the individual force vectors and assembles them to form a global force
vector. The processor then enforces the various boundary conditions, viz.,
prescribed displacement, surface traction and nodal forces, and finally solves for the
unknown nodal displacements using a standard solver.

iii) the post-processor which calculates the stresses in each element once
the nodal displacements are known. Unlike in the standard displacement model,
where the strains are calculated first and then the stresses are obtained by using the
stress-strain law, in the hybrid model, the stresses are calculated directly using
equation (3.14), i.e.

B=H1G q - (3.14)

where the q's are the generalized nodal displacements in an element. Once the B's
are known, the stresses are given as

Qg = P B (3-3)

and are calculated at the Gauss points of integration.

iv) the eigensolver, which sets up the element mass matrices as in
equation (3.11), assembles them to form a global mass matrix, and after weighting
the diagonal terms that correspond to prescribed displacement boundary conditions,
calls a generalized eigensolver subroutine to calculate the eigen-pairs for the specified
problem.

The Eigensolver used for these calculations was based on the
Householder scheme.

The main feature of the complete code is that even though it has been set
up to solve 2-dimensional static and dynamic problems, it is possible to solve
3-dimensional problems by making only minor modifications.

The number of degrees of freedom per node may be easily changed by
means of a parameter statement, and the addition of 3-dimensional shape functions,
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for displacements and stresses as well as Gaussian integration can make this program
completely general.
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NUMERICAL RESULTS

Introduction

In this section, initially, a brief discussion of the standard
displacement model is presented, since it is used as a yardstick of comparison for the
hybrid-stress model. The primary differences between the two schemes of analysis
are also highlighted.

Following this, some examples for the statically loaded case are
studied, with an emphasis on the displacements and stresses in a cantilever beam
subjected to an end shear. Both hybrid-stress and displacement finite elements are
used to analyze beams that are isotropic and anisotropic.

Then, an eigenvalue analysis of the cantilever beams is carried out to
determine the first few natural frequencies and mode shapes, using both models for
isotropic and anisotropic materials.

All the results are compared to analytical solutions whenever the latter
are available.

The Assumed Displacement Approach
The variational principle that is used in the standard displacement
approach is akin to the principle of minimum potential energy and is of the form

Tpg = -ij—li puTudvdr + f:fv -lieTCe dv dr
S (?[oTa
| ja\? u ds dt 4.1)

when there are no body forces, where

€ = the strain tensor
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C = the elasticity tensor = §°!

u = prescribed displacement on the boundary S,

T = prescribed traction on the boundary S5

Sy U Sg = dv, the total boundary.

On taking the first variation of the functional given in (4.1) and
equating it to zero, we get the equations of motion and the traction boundary
condition, provided that the variation in the displacement du is zero on the boundary

S,, » Where the displacements are prescribed, i.e.

pu - DTo =0 on V
u=u on S 4.2)

u

o.n=T on So

If the continuum is divided into n discrete elements, then the

discrete form of the functional 7pg is given by

i{ 1) 1 ore o) 1 T
1tP5=i=l J _[ 5 puiudvdt+ I _[ ~ & Ce dv dt

T
- _[2 J ol ds dt} (4.3)
T, e,

where Q_ represents the volume of the element and 0Q,, is the part of the
boundary of the element that has either prescribed displacement or prescribed traction.
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As the problem being solved is not truly transient but that of

steady-state vibration, the integration in time may be left out without altering the
results, so that

RSSPE = iz; { L

- | oTuds } @.4)
aQ,,

Interpreting the displacements within each element by means of
shape functions that are expressed in terms of Legendre polynomials, we have

u=NENOq 4.5)

where N(§, n, {) contain the element shape functins in terms of the local
co-ordinates &, M, { and q is the vector of generalized nodal displacements.

The global co-ordinates expressed in terms of the shape functions are
X = z N1 (é,ﬂ, C)xl
1

4.6)
z=2 NGOz
1
the summation being carried out over all the nodes in each element.
The strain-displacement relation then leads to
€ = Du = DIN§,n,0) q]
= BE,n,0q 4.7
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thre B(é; Tl» C) = D[N(g’ n! C)]

Substituting equations (4.5) and (4.7) into (4.4) and defining the
following matrices

1
K= | f fBTCBmdgdndc (4.8)
0 0 0
1 1 1
M= [ | J; pNTN (Il d& dn dt (4.9)
0 0
and
Q-= jSNTT ds (4.10)
we get
D1 1
msspe = 2, (54"Md + 54"Kq - qTQ} (4.11)

Taking the first variation of the above functional and equating it to
zero, we get

n

Y (M§+Kq-QdqT = 0 (4.12)

Since the dq are independent from element to element, this implies
that

Mq + Kq = Q (4.13)
so that K and M as defined by equations (4.8) and (4.9) respectively are the

element stiffness and mass matrices respectively, and Q as defined in (4.10) is the
force vector.
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For the case of static loading, the acceleration is zero, so that

Kq = Q 4.14)
while for the case of free vibration,

Mq + Kq = 0 (4.15)

For purposes of comparison with the hybrid stress model, two types
of displacement elements are considered, namely, the four-noded linear quadrilateral
and the eight-noded serendipity element. A finite element program incorporating
these assumed displacement-type elements has been developed by modifying the
stiffness matrix calculations as well as the stress evaluation routine.

Unlike in the hybrid-stress model, where intra-element stresses are
calculated without numerical differentiation of the displacements, the strains (and
hence the stresses) in the assumed-displacement model are obtained in the following
way:

€ = D[NE,m, 0l q (4.16)
and the stresses are thus
c=Ce 4.17)

being calculated at the integration points in each element.
Numerical examples are considered in the following paragraphs .

Static Analysis

Some problems in plane elasticity are analyzed using both the
displacement and the hybrid models, and the results are compared.
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Since a cantilever beam clamped at one end and in plane stress is the
closest two dimensional analogue to the three dimensional turbine blade that is to be
evenutally analyzed, it is thoroughly analyzed using the two models for isotropic and
anisotropic cases.

The clamped beam subjected to an end shear load is shown in Fig. 4.

For the case when the beam is fully isotropic, classical beam theory

gives the following results for the tip displacement, maximum bending stress and

maximum shear stress:

and

where following usual notation is used:

3
Utip = % (4.18)
A\
Sbending = —I-y-'“‘”‘ (4.19)
v
Tshear 'I%nax (4.20)
\\ = end shear load
1 = length of the beam
E = Young's modulus
I = moment of inertia of the cross-section about the neutral
(centroidal) axis.
Ymax = distance from the neutral axis to the farthest point on the
beam
= half the depth of the beam
v = shear force at the particular cross section
Quax = first moment of the area above the neutral axis with
respect to the neutral axis
b = width of the beam
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In the case at hand,

W = 2501b.; = 10";h = 1";E = 3x 107 Ib.fin.2

For a rectangular cross section, I = 1/12 bh3;b = 1"

ugp = 0.03333"
Obending max. = 15000 1b./in.2

Tehear max. = 375 1b./in.2

Linear Element Results

Using the displacement and the hybrid-stress models, five different
cases were run for an isotropic beam, with the number of linear four-noded elements
varying from 10 to 80. The various meshes used in the analysis are shown in Fig. 5.

For comparison with analytically obtained results, the normalized tip
displacement (uyprig/Uyn, ) and the normalized maximum bending stress
(Ohybrid¢/Canal) are plotted against the number of elements, and are shown in Fig. 6
and Fig. 7.

It is seen that even for the isotropic case, the hybrid model converges
to the analytical solution faster than the assumed displacement model, for identical
finite element meshes. Both displacements and stresses obtained using the
hybrid-stress model are con‘sistently better than those obtained using the assumed
displacement model.

For the anisotropic case, the material model chosen is that of cubic
syngony to simulate the single crystal turbine blade made of the nickel alloy.

From the experimental data supplied, the following material
properties were obtained using the materials subroutine described in the previous
section discussing Elastic Constants from Experimental Data: ‘
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E; = 19716 x 107 1b./in.2

E, = 19716x 107 1b./in.2 [neglecting the small difference from
E, due to possible errors in measurement].

vy = 0.2875

Gy, = 5.4758 x 1081b./in.2

Using these material properties, the same problem, viz., an
end-loaded cantilever, is solved using hybrid and displacement methods.

Since the mesh with 40 elements gave very good results for the
isotropic case without taking up too much computation time, it is used. In the
absence of an analytical solution, the comparison between the two models is made on
the basis of a rotation of the material axes through various angles relative to the global
axes. Since the two moduli of elasticity E; and E, are identical, it is to be expected
that any rotation by pairs of angles that are complementary produce the same result as
the physical problem remains unchanged. On rotation of the axis coinciding with E;
by 30°, 45°, 60°, and 90° and comparing the results, shown in Table 4.1, it is just
as expected. While the results for rotation of the material axes by 30° and 60° using
hybrid elements are exactly the same, there is quite a variation in the results obtained
using displacement elements. This is also seen for the rotation by 90° as compared to
no rotation.

Table 4.1

Anisotropic cantilever solution using 40 linear elements for various
orientations of the material axes.

Orientation of the Axes  Utip(displ.) Uiip(hybrid) Omax(displ.)  Cmax(hybrid)
o 0.046742" 0.049624" 11089 psi 11117 psi
30° 0.047149" 0.057905" 10981 psi 10579 psi
45° 0.051876" 0.061880" 12160 psi 11023 psi
60° 0.048390" 0.057905" 10662 psi 10579 psi
90° 0.050489" 0.049624" 10618 psi 11117 psi
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It is observed that there is an error of as much as 8-percent in the tip
displacement, when the material axes are rotated by 90° , using the displacement
model, while there is no change when the results of the hybrid model are compared.
A similar error is noticed on comparing the results for 30° and 60° rotation when the
displacement model is used.

To study the difference between the two models further, an arbitrary
anisotropic material model is considered where,

E, = 3.0x1071b/in2
E, = 3.0x10%1b/in2
vy, = 03

Gy = 1.5x 10%1b./in.2

The same problem is solved using both 40 and 80 linear elements for
various orientations of the material axes, and the tip displacements are tabulated in
Table 4.2.

Table 4.2
Tip Displacement Convergence on Refining the Mesh

40 Linear Elements 80 Linear Elements
Orientation of the Axis  Utip(hybrid) Utip(displ.) Yipthybrid)  “tip(displ.)
0° 0.03312" 0.02970" 0.03349"  0.03231"
30° 0.03991" 0.14505" 0.04209"  0.23364"
45° 0.07179" 0.10085" 0.07818"  0.12172"
60° 0.14492" 0.03075" 0.15323"  0.03295"
90° 0.18661" 0.11522" 0.18143"  0.14632"

From Table 4.2, it is observed that while the tip displacement
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obtained using the assumed displacement method changes drastically on refining the
mesh, the tip displacement obtained using the hybrid-stress method does not change
much when the number of elements is increased, indicating that the hybrid model
converges faster than the standard displacement model even for completely
anisotropic materials.

Another observation made is that the tip displacement continuously
increases as the angle of rotation is changed from 0° to 90° for the hybrid-stress
model, while it fluctuates arbitrarily for the displacement model. Since E, is a tenth
of E,, it is to be expected that the displacement increase as the rotation increases,
reaching a maximum when the orientation of the material axes is 90° away from the
global axes.

The hybrid model thus gives good results even for arbitrary
anisotropic materials with material axes not coinciding with the global axes.

Quadratic Element Results

To compare the actual values of the tip displacements and bending
stresses, 8 noded quadratic elements of the assumed-displacement and
assumed-stress type are used to solve the same problem. The number of elements is
varied from 3 to 20 and the different finite element meshes used are shown in Fig. 8.

The normalized tip displacement (“hybrid/“anal.) and the normalized
bending stress (chybrid/canal.) are plotted against the number of elements, and are
shown in Fig. 9 and Fig. 10.

For the isotropic case, using identical grids, it is observed that the
hybrid model converges to the analytical solution faster than the displacement model,
both the tip displacement and the bending stress being consistently better for the
hybrid model.

The anisotropic material model chosen is the same as before, viz. a
crystal with cubic syngony, to simulate the nickel alloy turbine blade.

The 10 element mesh is chosen, and the results for various rotations
of the material axes are presented in Table 4.3 which follows.
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Table 4.3

Anisotropic cantilever solution using 10 quadratic elements for

various orientations of the material axes.

Orientation of the Axes  Wyp(gicp] ) Uipthybrid) ~ Omax(displ)  Cmax(hybrid)
0° 0.050798" 0.051166" 11489 psi 11532 psi
30° 0.051840" 0.060461" 11857 psi 12272 psi
45° 0.060356" 0.063769" 12014 psi 12566 psi
60° 0.054663" 0.060464" 12099 psi 12273 psi
90° 0.058364" 0.051166" 12112 psi 11532 psi

It is seen that for rotations of the material axes by 30° and 60°
respectively, the hybrid model gives the same tip displacement and maximum bending
stress as expected since the moduli of elasticity E; and E, are identical. The
results from the displacement model however vary by about 6 percent for the tip
displacement for the same rotations of the axes, and comparing the results between no
rotation and a 90° rotation, the difference is observed to be as much as 15 percent.

In Table 4.4 the values of the tip displacement for the cantilever with
the cubic syngony material model using both 40 linear elements and 10 quadratic
elements are shown. It is seen that while the results of the hybrid elements for both
elements are very close, this is not true of the displacement elements.

39



Table 4.4

and displacement finite elements

Comparison of tip displacements for linear and quadratic hybrid

Utip(displ.) Utip(hybrid)
Orientation of Axis linear elements quadratic elements  Linear elements  quadratic elements
0 0.046742"  0.050798" 0.049624" 0.051166"
30° 0.047149"  0.051840" 0.057905" 0.060461"
45° 0.051876"  0.060356" 0.061880" 0.063769"
60° 0.048390"  0.054663" 0.057905" 0.060464"
90° 0.050489"  0.058364" 0.049624" 0.051166"

This difference in the results of the displacement elements as compared
to the hybrid elements is shown in Fig. 11.
Next a cantilever beam with a highly anisotropic material is considered

with the following material properties:

E, = 3x1071b/in2

| E, = 3x10%Ib./in2

i vip = 03

Gy = 1.5x1071b./in.2

| Two meshes are used, one with 10 elements and another with 20
i elements. The tip displacements using hybrid and displacement elements are shown
| in Table 4.5.



Table 4.5

Convergence of tip displacement on refining the mesh

10 quadratic elements 20 quadratic elements
Orientation of Axis Uip(hybrid)  Utip(displ.) Utipthybrid)  Ytip(displ.)
0° 0.033597 0.033487 0.033694  0.033593

30° 0.21054 2.8188 0.20560 2.9842

45° 0.77374 1.3933 0.75420 1.4500

60° 1.7581 0.055362 1.7513 0.05893

90° 3.3327 1.7271 3.3431 1.7744

The displacement method gives results which are very different from
those of the hybrid method. As with linear elements, since E, is one hundreth of
E, , the tip displacement should increase with rotation, reaching a maximum when
O = 90° . This behavior, however, is exhibited only by the hybrid model,
suggesting that it is far more stable under rotations for highly anisotropic materials.

Vibration Analysis

A cantilever beam is next analyzed for its first few natural frequencies
(eigenvalues) and mode -shapes using the assumed-displacement and the
hybrid-stress method.

As already discussed, a consistent mass is generated and the generalized
eigenvalue problem

Mg +Kq=0 (4.21)

is solved for its eigenpairs which are the natural frequencies and mode shapes of the
physical system.
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Since the size of the matrices is not very large, a solver from IMSL that
determines all the eigenvalues and eigenvectors is used instead of the sub-space
iteration scheme suggested by Bathe [13].

For Bernoulli-Euler beams made of isotropic materials, neglecting the
effect of shear deformation and rotatory inertia as we will consider only the first two
modes where the correction introduced as a result of these effects is small, the
equation of motion for transverse vibration is

—_ (EI ﬁ) Agz_‘.’_ =0 4.22)
dx2 dr2
where v = v(x,t) is the transverse displacement,

A = area of cross section of the beam

axial distance from the point of support

X

p = mass density of the material

I = centroidal moment of inertia of the cross-section

The boundary conditions for the cantilever are:

v =0 and

dv At the fixed end;

x 0
9Y_0 and
dx2

At the free end;

3
v _y
dx3 (4.23)

Substituting the boundary conditions into general solution, we get three
homogeneous linear algebraic equations which yield a non-trivial solution only if the
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determinant of the coefficients vanishes, i.e.

1 +CosAL CoshAL +1 = 0 (4.24)
which is the characteristic equation whose roots are the eigenvalues A, times length
L. A numerical solution exists for the above equation, determined by Craig and

Chang [14]. The first few values are

1.8751

AL
AL

4.6941

and the natural frequencies for the cantilever are given by

L2 gLy
o = —— ( )
so that 12
o, = 3516 (Ely
1= L2 pA
and
22. 03
@, = ( )

(4.25)

Substituting the numerical values for the given problem, we get
= 17.58 Hz. , ®, = 110.15 Hz.

The mode shapes are given by

V,(x) = Cosh A x) - Cos (A\x) - k, [Sinh (Ax) - Sin A x)]  (4.26)

where
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Cosh (AL) + Cos (AL)

b (L) + Sin A L)

as in Craig [20].
The first two mode shapes for a cantilever in free vibration are shown in

4.27)

Fig. 12.

Linear Element Results

The meshes that were used for the static problem are used here, with the
number of elements varying from 10 to 80.

The normalized natural frequencies (W] ana1/@; fe. and ) ana1 /0 £ )
are plotted against the number of elements, and are shown in Fig. 13.

For the isotropic case, the hybrid model converges to the analytical
solution faster than the assumed displacement model. The mode shapes however do
not seem to vary much, as seen in Fig. 14 (for the mesh with 80 elements).

The material model chosen for the anisotropic case is that of cubic
syngony with the same properties as in the static case, and the 40 element mesh. The
first two natural frequencies, for various angles of rotation of the material axes, using
both finite element approximations are tabulated in Table 4.6.

Table 4.6

Natural frequencies for an anisotropic cantilever beam
using 40 linear elements for different material axes' orientations.

Orientation of the Axes  ; (hybrid) ©; (displ.) ©, (hybrid) ,(displ.)

0’ 14351 Hz 14785 Hz 85950 Hz  88.341 Hz
30° 13.307Hz 14726 Hz 80.673 Hz  88.0945 Hz
45° 12873 Hz 14058 Hz 78.379 Hz 85.011 Hz
60° 13.307Hz 14547THz 80.673Hz 87.318 Hz
90° 14351 Hz 14247Hz 85950Hz 85934 Hz
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From the above table it is observed that the hybrid model gives identical
results for a rotation of 90° and no rotation of the material axes, 30° and 60° of the
axes. The displacement method however gives results that vary, even though the
moduli Eq and E; are equal.

The first two mode shapes for the anisotropic cantilever, obtained using
both the models do not vary much as shown in Fig. 15 (even for the case when the
the difference between the eigen values is a maximum, viz., for 6 = 450).

Quadratic Element Results

The natural frequencies and mode shapes of the isotropic and anisotropic
cantilever beams are now calculated using an 8-noded finite element mesh with the
number of elements varying from 3 to 20. The meshes used are the same as for the
static case and are shown in Fig. 8.

The normalized natural frequencies (W) 3na1 /@) fe. aNd W) ana1 /05 fe )
are plotted against the number of elements, and are shown in Fig. 16. Again, it is
observed that the hybrid model converges to the analytical solution faster than the
assumed-displacement method. The mode shapes however are very similar in both
models, except for the maximum "amplitude” (when 10 quadratic elements are used)
as shown in Fig. 17.

The first two natural frequencies for various angles of rotation of the
material axes, in an anisotropic cantilever beam, using both the displacement and
hybrid approximations are tabulated in Table 4.7. The material properties and the
material model assumed are the same as for the static anisotropic case, viz. 3
independent constants in a crystal with cubic syngony, where

E, = E, = 1.9716 x 107 Ib./in.2
Gy, = 5.4758 x 1051b./in.2
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Table 4.7

Natural frequencies for an anisotropic cantilever beam using 10

quadratic elements for different material axes orientations.

Orientation of the Axes  ®; (hybrid) w; (displ) ©, (hybrid) ,(displ.)
0° 14.130 Hz 14.197 Hz 83.675Hz 84.682 Hz
30° 13.020 Hz 14061 Hz 78.264Hz  83.995 Hz
45° 12.679 Hz 13058 Hz 76499 Hz 78911 Hz
60° 13.020 Hz 13.707Hz 78264Hz 82.211 Hz
90° 14.130 Hz 13276 Hz  83.675 Hz  80.023 Hz

The results of the hybrid model are as expected, with frequencies falling
as the angle of rotation is increased, reaching a minimum at a rotation of 45°, and then
increasing symmetrically (since E; = E,) up to a rotation of 90°.

The results of the displacement model do not show any symmetry about
0 =45"°, and are not as invariant under a rotation of the axes.

Again, there is not much difference in the mode shapes obtained from the
hybrid and displacement models for the anisotropic cantilever, for 6 = 459, as shown
in Fig. 18.

A Specific Numerical Example

A tapered cantilever beam consistin g of 3 crystals of the same material
but with different orientations of the material axes is considered next, and analyzed
for its displacements, stresses, natural frequencies and mode shapes. The beam is
shown in Fig. 19.

Since the Ni alloy for which experimental data was provided exhibits
cubic syngony in its crystals, the same material properties as used in the previous
sections are considered. Also, since of all the elements tested, the 8 noded
hybrid-stress element gave the best results, it is used in the mesh shown in Fig. 20.

The results are tabulated as follows:
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Table 4.8
Comparison of hybrid and displacement model results for a tapered,
3-crystal anisotropic cantilever beam:

Parameter Hybrid Method Displacement Method
Usip 0.0539 0.0502"
Obending (max.) 1.632 x 10° psi 1.519 x 10* psi
Trnax 1.643 x 10° psi 1.511 x 10* psi
©, 30.198 Hz 30.869 Hz

©, 131.482 Hz 143.976 Hz

The displacements and stresses differ at most by about 6.5 percent, and
the natural frequencies by even less. However, if the 30° rotation is changed to a 60°
rotation and no rotation is changed to a 90° rotation , all errors increase rapidly to
almost 12-percent at most.

The location of the points of maximum bending and shear stress are
predicted accurately by both models, although the magnitudes predicted differ. The
maximum bending stress is observed in elements 1,6 while the maximum shear stress
is observed in elements 5,10 as the material axes in these two elements is rotated by
45° relative to the global frame.

The mode shapes of the first two modes are shown in Fig. 21 but do not
differ much, as in the previous cases discussed.
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SUMMARY AND CONCLUSIONS

In this work, a hybrid-stress finite element method is developed for
equilibrium and vibration analysis of problems in two-dimensional anisotropic
elasticity.

A number of sample problems are solved using the hybrid-stress method
and the standard displacement method and the results are compared. Emphasis is
placed on a cantilever beam loaded in end shear because of its similarity to a turbine
blade.

It is observed that even for the isotropic case, the hybrid-stress model
gives more accurate displacements, stresses and natural frequencies as compared to
the results of the displacement method, although the variation between the two is not
large.

For anisotropic materials, especially when the material axes are rotated
relative to the global axes, the hybrid-stress model is observed to be stable and
invariant, while the displacement model shows some variation for pairs of rotations
that are complementary when the two Young's moduli E; and E, are equal.

In the absence of analytical solutions for anisotropic cantilever beams,
comparisons are made by increasing the number of elements and checking for
convergence. The hybrid model behaves well even if the number of elements used is
not too large, although if the degree of anisotropy is very high, e.g. E|/E, = 104,
both models do not seem to converge rapidly.

Work is now in progress to extend the finite element code to include three
dimensional problems. The ‘stress shape functions for 8-noded linear bricks and
20-noded quadratic brick elements as proposed by Rubinstein, Punch and Atluri [6]
will be implemented in the hybrid-stress finite element code and compared with the
8-noded and 20-noded brick elements using a displacement approximation.

Instead of using group theoretical methods to determine stable, invariant
stress fields, complete stress polynomials may be chosen and the number of stress
parameters reduced by forcing equilibrium and compatibility conditions to be
satisfied. Although the algebra involved is tedious and the matrices are slightly
stiffer, the element matrices will be very stable under rotation and the results thus
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obtained may be compared with those obtained using the group theoretical stress
polynomials.

Once a three-dimensional finite element mesh has been generated for the
anisotropic crystalline turbine blade, the above scheme may be used to analyze it
statically and dynamically for stresses, displacements, natural frequencies and mode
shapes.

Another suggested development would be to investigate the use of
triangular elements for two-dimensional hybrid-stress finite element analysis, and
tetrahedrons for three-dimensional problems.
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APPENDIX A

CALCULATION OF THE POLYNOMIAL STRESS FUNCTIONS
FOR LINEAR (7 8) AND QUADRATIC (15 8) QUADRILATERAL
ELEMENTS

(a) linear quadrilateral elements:
The stress polynomial is complete in linear terms and is given by
OX = Bl + Bzx + B3y
Txy = B, + Bgx + Bgy

In plane elasticity, the equilibrium conditions reduce to just two
equations, viz.

Jo ot
ox dy
and (2)
??_y + -a_tx_y =
dy ox

in the absence of body forces.
Substituting (2) into (1) to ensure that the stress polynomials are
equilibrated, we get

B9+B2=O
B6+Bs=0

3

Eliminating Bg and By and renumbering the 8's, we get the following .
equilibrated stress field for 4-noded quadrilateral elements;
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|
‘ Ox = B, + By + Bgx
Txy = BS - B7x - B6y

b) quadratic quadrilateral elements:
The stress polynomial is complete in cubic terms and is given by

Oy = By + Byx + Byy + 2Bgxy + Box2 + Bgy? + Box3 + Bgy3
+ 3Bgxy? + 38,,x%y

Oy = Byy + Bypx + Bygy + 2By4xy + Bysx? + Bygy? + Byx3
+ Bgy? + 3B,gxy? + 3B,5x%y

Y = By, + Byox + Byyy + 2B,,xy + Bysx? + Bygy? + Byyx3

+ Bygy3 + 3Bygxy? + 3Bypx%y. (5)

Substituting this stress field into the equilibrium equations (2), we get
[B, + 2B4y + 2Bsx + 3B7x2 +3Bgy? + 6B;oxy] + [By3 +
2Byy% + 2B,cy + 3Bygy? + 6Bygxy + 3B3x%] = 0

and

[By3 + 2B,4x + 2B,cy + 3B,5y% + 6B,9xy + 3B,px?] + [B22 +

28,4y + 2Bysx + 3By;x2 + 6B3gxy + 3B,0y2] = 0

Equating coefficients of the polynomial terms separately to zero, we get
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89 + 828 =0 s Blo + B29 =0 N B7 + B30 =0 N
822 + Bl3 =0 ; 824 + Bl6 =0 ’ 814 + st =0 ’
327 + 820 =0 M 329 + Bls =0; 830 + Blg =0 (7)

Eliminating B,, through Bs;, B¢, B;g and B;9 and renumbering, we
get the following 188 equilibrated stress field:

Oy = B + Bex + Byy + Bgy? + 2Bgxy + Bygx? + Bax3 +

O, = B3 + Byx + By + 2B;;xy + 812x2 + Bloy2 + 3Bl3xy2
+ Biay3 + 3B,x%y3 + Bygx3

Ty = Bg - Box - B0y - B x? - Bgy? - 2Byoxy - 3B;3x%y

Xy
- 3B,,xy? - Bysy? - Byex3 (8)

To reduce the number of B's still further, the stresses are allowed to
satisfy the compatibility conditions necessary for the existence of a displacement
field.

In plane strain, there is just one compatibility relation, given by

%€ . o%€ _ 02 Yxy
ay2 ox2 ~ oxdy

®

as expressed in terms of the strains ex , ey and ny . Plane stress has additional
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compatibility conditions, but these are in a sense more "restrictive” and not applied.
For the most generalized anisotropic case, the stress-strain relations for
plane elasticity are given by

& = 1/Exx [Ox - Vyx Oy * Mxy,y Txyl

1
ey =5 [Vxy O * Oy * Txyy Tyl (10
yy

1
Txy = G— [nx’xy Ox + My xyOy + ‘l:xy]
Xy

or, defining e=Co

where C is the compliance matrix whose coefficients are

312 = vy_x =-\_,iy_ . al6 _nxy’x nx,xy

XX Eyy Eyx Exy
a6 = Dxyy _ Tyxy

EYY ’ ny an

and
C= a1 212 316
a)y) g
Sym. a66

Nx,xy and Myxy &€ coefficients of mutual influence of the second kind, and
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Mxy,x » Nxy,y &€ coefficients of mutual influence of the first kind.
To get the compatibility condition in terms of the stresses, we substitute
equation (10) into (9) so that

820, %o ey d%o, o%c

y y

aj]—— + ajp —= + a + 219 —— + 89y —=

NGy v M2y tMe e TR gy e o
oy PO Doy Py
26 52 16 Jxdy = 26 9xdy = 00 “oxdy

For an equilibrated stress field,

%0, . ooy . 20%1,, )
ox2 ay2 - oxdy

so that equation (12) becomes
Py d% agg 9°Cy agg 020y
all + a22 + (a12 + ) + (a12 + )
oy? ox? 2 9y? T ox?
9%t 9%t d%c d%c
+ Xy ___’_‘y= X 7y
416 dy? * 826 ox2 216 Tgxay’ 26 “oxdy a9

Substituting the polynomial approximations for the equilibrated stresses
from equation (8) ,
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66
+2(a12 + —5—)[2810 + 6813x + 6Bl4y] + a16 ('289 - 6Bl4x - 6815}’)
+a26('2811 - 6Bl3y - 6316’(): a16 (239 + 6Bl4x + 6815y)

+ 855 (2B, + 6B,3y + 6B;¢x) (15)

Equating the appropriate coefficients on both sides, we get
a)) Bg + a5 By + (Qa)p + age) Byg = 2a;4Bg + 22548y,
a)) Bys + a8y + 22y + agg) B3 = 225484 + 22584 (16)

a); Byy + apBig + (2217 + agg) By = 221685 + 225585

Eliminating B,,, 8;; and B, from the above equations, and renumbering, we get a

15 B8 cubic approximation for the intra-element stresses:

Oy = By + Bgx + Byy + Bgy? + 2Bgxy + B,ox2

+8 (x3+_—y3)+B [3x2y-______y3]
12 all ’ 13 all
a1 a1y
a (2a,, + agp)
Gy = By + Byx + By - —— Bgx? + Bg [y? - —— % 2
’ 22 ay
(2a;; + age) ap 23,
+ By Bxy?- = 7 x%- . Bl4x3 + Bys (3x2y +a7_ x3)
422 22 2
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2a 2a 2
RPI. M R i I A S g
a» L7y a2

Ty = Bg - Byx - Bgy - Bux2 - B9y2 - 2B;oxy - 3By, x2y

- 38,3 xy2 - B4 y3 - Bys x3 a7
For an isotropic material,

316 = 326 =0 , and 2812 + a66 = 2311

a); = ay , sothat the stress field loses all dependence on the compliance
constants and becomes simply

o, = By + Bgx + Byy + Bgy? + 2Bgxy + Byox? + Bx3
+ By3 (3x%y - 2y3) + 3By, xy? - Bysy>

o, = By + Byx + Byy + 2Byyxy - 88x2+ Bio (y? - 2x?)
+ By (Bxy? - 2x3) + Bi3y? +38)5x%y - By, x3

Ty = B% - Byx - By - Byyx® - Boy? - 2Bygxy - 3By, x2y

- 38,3 xy2- By y3 - Bysx3 (18)
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(a)

displacementsu ,v atnode i

coordinates (x ,y ) atnode i

—
.\l
N

Fig. 1 Geometry and nomenclature for (a) 4- and (b) 8- node plane
Isoparametric elements
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displacements u , v at node i
(a) coordinates (x ,y ) at node i

14 15

(b)

Fig. 2 Geometry and nomenclature for (a) 8- and (b) 20- node
3-dimensional brick elements
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Set Integration Points and
Weights

'

Read in Control Parameters
(no. of nodes, elements etc.)

I

Set Nodal /Element
Definitions

‘

Read Material Properties /
Boundary Conditions etc.

Y

Calculate Element Sdffness
Matrix / Force Vector

l/.

Assembile into Global Stiffness
Marrix and Force Vector

Looped over
all the Elements

Apply the Boundary
Conditions

>

h

Solve the Static Problem for
Displacements and Stresses

v

Print the Nodal Displacements

—

A 4

Calculate the Element Mass
Matmix

Assemble into the Global
Mass Matrix

Looped over all
the Elements

Solve the Generalized Eigen-
Value Problem K*X=L*M*X

Print The Eigen Values and
Eigen Vectors required

l\

Fig. 3  Algorithm detailing Program Flow
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12 22
Tl 11
(a) 10 Elements, 22 Nodes
23 33
12 22
"1 11
(b) 20 Elements, 33 Nodes
34 44
23 33
12 j 22
1 11
(c) 30 Elements, 44 Nodes
43 63
22 % 4?2
1 21
(d) 40 Elements , 63 Nodes
83 123
42 82
pl
1 4]

(e) 80 Elements, 123 Nodes

Fig. 5 Various Meshes used with Linear 4-noded Elements
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Fig. 6 Convergence of Beam Tip Displacements using 4-noded linear elements
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Fig. 7 Convergence of maximum bending stress in the beam using 4-noded

linear elements for Hybrid and Displacement models - Isotropic case
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(d) 20 Elements, 85 Nodes

Fig. 8  Various Meshes used with 8-noded Quadratic Elements
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Fig. 9  Convergence of Beam Tip Displacement using 8-noded quadratic
elements for Hybrid and Displacement models - Isotropic case
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Fig. 10 Convergence of maximun bending stress in the beam using 8-noded
elements for Hybrid and Displacement models - Isotropic case
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Fig. 11 Comparison of Beam Tip displacements for various rotations of the
material axes using linear and quadratic Hybrid and Displacement elements
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(a) Mode 1 of beam

Y

w o

(b ) Mode 2 of beam

Fig. 12 The first two modes of vibration of an isotropic Cantilever Beam,
determined analytically
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Fig. 13 Convergence of the first two Eigen values using 4-noded linear elements
for Hybrid and Displacements models - Isotropic case
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(a) Mode 1 of the beam

(b) Mode 2 of the beam

Fig. 14 The first two modes of vibration of an isctropic Cantilever Beam, obtained
using 80 linear elements of the stress-hybrid and displacement model
(not to scale)
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(a) Mode 1 of the beam

(b) Mode 2 of the beam

Fig. 15 The first two modes for an anisotropic Cantilever Beam, (material axes
rotated by 45 degrees), obtained using 40 linear elements of the stress-
hybrid and displacement model (not to scale)
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Fig. 16 Convergence of the first two Eigen values using 8-noded quadratic
elements for Hybrid and Displacement models - Isotrpic case
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(a) Mode 1 of the beam

(b) Mode 2 of the beam

Fig. 17 The first two modes of an isotropic (Cantilever Beam, using 10 quadratic
elements of the stress-hybrid and displacement model (not to scale)
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(a) Mode 1 of the beam

A
~
|
~

(b) Mode 2 of the beam

Fig. 18 The first two mode shapes of an anisotropic Cantilever Beam (material

axes roated by 45 degrees), obtained using 10 quadratic elements of the
stress-hybrid and displacement model (rot to scale)
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(a) Mode 1 of the beam

(a ) Mode 2 of the beam

ig. 21 The first two modes of the tapered Cantilever Beam made up of 3
anisotropic crystals, obtained by using 10 quadratic elements of
the stress-hybrid and displacement model (not to scale)
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